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Abstract 

The present paper is a contribution to categorial index theory. Its main result is 
the calculation of the Pfaffian line bundle of a certain family of real Dirac operators 
as an object in the category of line bundles. Furthermore, it is shown how string 
structures give rise to trivialisations of that Pfaffian. 
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1 Introduction 



1.1 Topological, geometric and categorial aspects of index the- 
ory 

The present paper is a contribution to categorial index theory. Its main result is the 
calculation of the Pfaffian line bundle of a certain family of real Dirac operators as an 
object in the category of line bundles. Furthermore, we show how string structures give 
rise to trivialisations of that Pfaffian. 



Before we describe the results of the paper in greater detail in Subsection |1.2| let us review 
the different levels of index theory appearing in the title of the present Subsection. 
The index of a family of elliptic differential operators D parametrised by a space B is a 
.ff -theory class index(D) £ K°(B). It is the homotopy class of an associated family of 
Fredhom operators defined by functional analytic techniques. If D has a kernel bundle, 
then alternatively we can view the index as the formal difference index(D) = [ker(£))] — 
[coker(.D)] £ K°(B) of vector bundles. Index theory provides the tools to calculate the 
.ff -theory class index(D) £ K°(B) or its cohomological invariants like its Chern character 
ch(index(D)) £ H ev (B; Q) in terms of the symbol of D flA"S68[ . 



If D := D{£) is the family of Dirac operators associated to a geometric family E on a 
smooth manifold B, then its index can be refined to a geometric object. If the kernel 
bundle of D exists, then it has an induced hermitean metric and a metric connection 
BGV92|, Ch. 9]. This geometric information is encoded in the differential i^-theory 



index class index(D) £ K°(B) which can be defined in general without any assumption 
on the existence of a kernel bundle IBS07II . The differential index theorem calculates the 



class index(.D) £ K(B) or its Chern character ch(index(.D)) £ HQ (B) in differential 
rational cohomology in differential geometric terms, see | |FL09| | and [ |BS07| |. 
Let E be the the total space of the underlying proper submersion n : E — > B of the 
geometric family E. If W — > E is a complex vector bundle equipped with a hermitean 
metric h w and a metric connection V w , then we can form the twisted Dirac operator 
D{E ® W), where by the bold face letter W := (W, h w , V w ) we denote the geomet- 
ric bundle. In a categorial refinement of index theory one would consider the index of 
D(E <S> W) as an object index(.D(£ <g> W)) in a certain category K°(B) and study the 
functor W h- > index(D(£ <S> W)) from the category of geometric vector bundles on E. At 
the moment such a theory is only partially understood, and the present paper discusses 
a particular aspect of that idea. For related developments in the context of algebraic 
geometry see [Uel87] and [ Fra9 



The first Chern class ci(index(D)) £ H 2 {B]7ll) classifies the topological type of the 
determinant line bundle of D. If D = D(E) is the Dirac operator associated to a geometric 
family E on B, then det(D) comes with a Quillen metric h det( - D ^ and the Bismut-Freed 
connection h det ^ D \ see [BGV92| , Ch. 9 and 10] for details. The isomorphism class of 
the geometric line bundle det(D) over B is classified by the first differential Chern class 
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Ci(det(D)) £ HZ (B) ||CS85|| . It can be derived from the differential i^-theory class 
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index(.D) by the identity ci(det(D)) = ci(index(£))), see [Bun], [Bun09|. The calculation 



of integral Chern classes like ci(index(£))) and its differential refinements ci(index(D)) 
is the contents of integral index theory, see |Mad09 | for first steps in the topological case. 
The characterisation of the determinant line bundle det(D) as an object in the category 
Line(.B) of geometric line bundles over B is an aspect of categorial index theory. In the 
presence of a real structure J commuting with D, as observed in |[Fre03|| , one can define 
a natural square root of the inverse of the determinant line bundle?], the Pfaffian bundle 
Pfaff (D, J). 

The main goal of the present paper is the calculation of the object Pf af f (D, J) e Line(5) 
in a special situation which is motivated by applications in mathematical physics, notably 
string theory. 



1.2 Description of the results 



We consider a bundle it : E — > B of compact two-dimensional manifolds, or alternatively, 
a proper submersion tt such that dim(E) — dim(I?) = 2. Let further be given a fibrewise 
Riemannian metric g TVn an a complement T h ir C TE of the vertical bundle T v ir := 

is called a Riemannian structure on 7r since it 



ker(dvr). In |[FL09|| the pair (g 



,T°7 



T h 



7T 



gives rise to a Levi-Civita connection V 7 ™ 71 ", see 



BGV92| , Ch. 9]. We finally assume 

In |[Bun09 



E 



a spin structure on T v tt which allows to define the spinor bundle S(T v ir). 
we subsumed this collection of data into the notion of a geometric family £ = (ix 
B, g TVn , T h 7i, S(T v n)). By D(E ) we denote the Dirac operator associated to the geometric 
family S. 

The spinor bundle associated to a two-dimensional vector bundle (like T v ir) with spin- 
structure is Z/2Z-graded and has a quaternionic structure J (see PS08| , 2.2.6]), a parallel, 
anti-linear, anti-selfadjoint, and odd bundle endomorphism which commutes with the 
Clifford multiplication. 

Let V := (V, h , V v ) be a real geometric vector bundle over E. Then we can form the 
Dirac bundle 5 , (£)®jrV. Since we tensor over the real numbers, the quaternionic structure 
extends to the tensor product. We let 

S ® K V := (tt : E - B, g T ^, T h ir, S(T v tt) ® m V) 

denote the induced geometric family and use the symbol J also to denote the extended 
quaternionic structure. 

The composition JD{£ ®r V) is an anti-linear, anti-selfadjoint, and even operator. By 
(JD(^®tV)) + we denote the component acting on sections of S{£®^ The relative 
Pfaffian line bundle 



Pfaff (5 ® M V, J, rel) := Pf af f ((JD(S ® R V))+) <g> Pfaff ((«/£>(£))' 



n :- 



dim(V) 



is a complex line bundle with connection functorially associated to this data described 
above. Its construction (see e.g. | [b'reU3[ | , |Bor92| , ||KM06 ], |FreD2J) will be recalled in 



1 Note that our determinant line bundle, following the conventions in [ BGV92| ], is the inverse of the 
determinant line bundle in [ Frc03 1 . The Pfaffians coincide. 
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Subsection O below. The square of the relative Pfaffian line bundle is isomorphic to 
the inverse of the relative determinant line bundle det(D(£ ®r V)) ® det(D(£))~ n as a 
geometric line bundle. 

The Pfaffian line bundle plays an important role in two-dimensional quantum field theory 
FM06|1 , where the functional integral of the action over the fermions can be interpreted 



as a section of the Pfaffian line bundle. In order to interpret the action as a complex 
valued function it is important to construct trivialisations of the Pfaffian line bundle. 
The construction of the line bundle Pfaff (£ ®r V, J,rel) is based on the analytic prop- 
erties of the family of Dirac operators D(S ®r V). So it is not obvious how additional 
topological and differential geometric structures can lead to a trivialisation. 



In Subsection |2.3| of present paper we give a functorial, differential geometric construc- 
tion of a geometric line bundle L = (L, h L , V L ) under the assumption that V has a spin 
structure which is fibrewise trivial. The isomorphism class of L is classified by the first 

2 

differential Chern class ci(L) £ H7L (B). The spin-characteristic class ^(V) £ H 4l {E\7j) 

-4 , 



also has a differential refinement y(V) £ HT, (E). We refer to [ US85|| for a first con- 
struction of differential integral cohomology groups (there called groups of differential 
characters) and of the differential refinements of characteristic classes. We will give an 
alternative and well-adapted to the present purpose description of these classes in Sub- 
section p.2| . Essentially by construction we have 

ci(L)= / ^(V)eHZ(B), 

J E/B * 

see Lemma 12.71. We have 



Theorem 1.1 (Theorem |3.4|) IfV has a spin structure which is fibrewise trivial, then 
there is a functorial isomorphism of geometric line bundles 

Pfaff (S ®r V, J, re/) = L . 

The adjective "functorial" here and above refers to base change along smooth maps B' — > 
B. As a consequence we get 

Corollary 1.2 IfV has a spin structure which is fibrewise trivial, then 

c 1 (Pfaff(f <g) K V, J,rel)) = / ^( V ) • W 

Je/b z 

The underlying equality 



Cl (Pfaff(£ ® R V,J)) = ^(V) 



which has first been derived in [ Fre03| , Prop. 5.4], can be considered as an example of an 



integral index theorem, as alluded to in Pur{| (see ||Mad09|| for a more general example) 



and Equation (H) can be considered as its differential refinement. 
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Our second result concerns trivialisations of the relative Pfaffian line bundle Pfaff {£ <S>r 
V, J, rel). We assume that dim(V) = n > 3. We define the homotopy type BString{n) 
as the homotopy fibre of ^- : BSpin(n) — > i^(Z, 4). A topological string structure for a 
spin bundle V is a homotopy class of lifts 

BString{n) . 



B BSpin(n) 

In the present paper we use an equivalent, more geometric notion of a string structure 
as a trivialisation of the Chern-Simons gerbe. This and the notion of a geometric string 
structure str of a geometric spin bundle V has been discussed in ||Walb|l . We will explain 



details at length in Subsection p~2| . In particular, to a geometric string structure str we 
have an associated 3- form H str e Q 3 (E), see 



Theorem 1.3 (Theorem |4.14| ) A geometric string structure str on V gives rise to a 



functorial unit-norm section s str £ C°°(B,L) with 



V log = 27ri / H str , 

'E/B 



If we combine Theorem 1.1 with Theorem 1.3 we get the following consequence. 



Corollary 1.4 A geometric string structure str on V gives rise to a functorial unit-norm 
section s str £ C°°(B, Pf aff (£ ®r V, J, rel) such that 

J E/B 

This corollary was the original motivation of the present paper. It answers a question by 
Stephan Stolz. 

Let us finally explain a typical example, which is the application looked for by physicists. 
We consider a compact surface S with a Riemannian metric g TS and a spin structure. 
Furthermore, we consider a Riemannian manifold X and a smooth map B — > Map(S,X). 
Technically, this is a smooth map 

E := E x B ^ X . 



We let Ti : E — * B be the projection, T h n := TB C T(S x B) be the canonical horizontal 
subspace, and g TVn and the spin structure on T v n be induced by g TS and the spin structure 
on E, respectively. In this way we get a geometric family S. The real vector bundle is 
obtained by V := /*TX, where the geometric bundle TX = (TX, g TX , V TX ) is given by 
the Riemannian geometry of X, in particular, V TX is the Levi-Civita connection. 
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We assume that X has a string structure. In this situation by Corollary ITTI2] the isomor 



phism class of the relative Pfaffian line bundle can be calculated by transgressing the 
differential Pontrjagin class of TX. 

C!(Pfaff(£ ® R V, J,rel)) = [ /*(^(TX)) . 

JZxB/B 1 

Note that the string structure on X ensures that the spin structure of f*TX is fibre- 
wise trivial. Furthermore, a refinement of the string structure of X to a geometric string 
structure str gives rise to a trivialisation s str of Pf af f (£ ® R V, J, rel) by Corollary |L4] . 

Acknowledgement: I thank Stephan Stolz for suggesting this problem and Dan Freed for 
valuable hints. 



2 The bundle L 

2.1 Trivializations of 5]9m-structures and reforms 

A Z/2Z-graded complex geometric vector bundle W = (W, h w , V w ) over a manifold M 
gives rise to a geometric family W with zero-dimensional fibres, see [|Bun09 , 2.2.2.1]. An 



invertible odd bundle endomorphism Q G End(W) odd can be considered as a taming W< 
in the sense of [|Bun09| , Def 2.2.4]. To the tamed geometric family W t by pC89| , (2.26)] 



we can associate an eta form //(Wt) G fl odd (M) such that drj{Wt) = ch(V w ). We refer to 
(|3]) for our normalisations. In the present subsection we study special properties of the 
eta form in the case that W comes from a real spin vector bundle V and Q is induced by 



a spin trivialisation Q of V. The main result is Lemma pT4 . 

Let V = (V, h v , V y ) be a real n > 3-dimensional geometric vector bundle over some man- 
ifold M. Then we form the Z/2Z-graded complex geometric bundle W = (W, h w ,V W ) 
such that W + = V ®r C and W~ is the n-dimensional trivial geometric bundle over M . 
A spin structure on V is given by a Spin(n) -reduction Spin(V) — > 0(V) of the orthonor- 
mal frame bundle 0(V) of V. A trivialisation of the spin bundle V is a trivialisation 
Q : Spin(V) M x Spin(n). The trivialisation of the spin bundle V naturally gives rise 
to an unitary vector bundle isomorphism Q + : W + — > W~. We define the unitary odd 
involution 

Q ■= ( q + { % y ) e ^d(wy dd . 

Let W be the geometric family given by the Z/2Z-graded complex geometric vector 
bundle W. The local index form Q(W) ||Bun09| , Def. 2.2.8] in this case is the Chern-Weil 
representative ch(V H/ ) G Q ev (M) of the Chern character of W for the connection V w : 



Q(W) = ch(V w ) = ch(V v - n . 

We are in particular interested in the degree-4-component. We have ci(V v ® rC ) = and 
therefore 

ch 2 (V v ® R<c ) = c 2 (V^» c ) = -Pi(y v ) , 
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where Cj(V y ® R(C ) E VL 2l (M) andp,(V v ) E Vt A% again denote the Chern-Weil representatives 
of the corresponding characteristic classes. 

The endomorphism Q gives rise to a taming Wt Q and an associated 77-form. Its definition 
employs the rescaled super connection 

A t :=t^Q + V w . (2) 



Definition 2.1 The degree-Ik — 1 component of the eta-form ofWt Q is defined by 

1 f°° 

rf k -\W tQ ) = —— k / trlMtapKVi ■ (3) 

Here ?? 2fc_1 (Wi Q ) E fi 2fc-1 (M) denotes the component of the eta-form in degree 2k — 1, and 
[u;]2fc-i takes the degree-2/c — 1-component of the inhomogeneous form a;. Furthermore, 
if W is a Z/2Z-graded vector bundle, then tr : End(W) — > C denotes the super trace. 
The definition ||Bun09 , Def 2.2.16] of the eta form of a tamed geometric family is based 



on different family of super connections. It is related to (fj) by a transformation in the 
scaling parameter t. Hence, it gives the same eta form as in the present paper. 
In the present paper we are in particular interested in 

V 3 (W tQ ) E fi 3 (M) . 

It satisfies 

dr} 3 (W tQ )=tf(W) = - Pl (V v ) . (4) 

Let us calculate the eta form explicitly in order to see that it is nothing else then a 
classical Chern-Simons form. Note that W~ is trivialised so that we can identify sections 
of End(iy~) with matrix-valued functions. We define the matrix-valued one-form B + 
such that Q + V w+ (Q + )* = d + B + , and the matrix-valued curvature two-form R + := 
dB+ + B+ 2 . 

Definition 2.2 The Chern-Simons fornf\ of the connection \7 W+ (in the trivialisation 
given by Q + f\) is defined by 



2 The standard normalisation of the Chern-Simons form is 

CS 8t (V w+ ) = tr R+B+ - itrS+ 3 



such that 



dCS st (V w+ ) = tr(i? v "" f = 2(2^) 2 c 2 (V M/+ ) . 



The factor jj^Ty 1 1S introduced for convenience. 



3 One should better write CS{V W ^ , Q + ), but we refrain from doing so in order to shorten the notation. 
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Its differential is half of the second Chern form: 

dCS(V w+ ) = ^c 2 (V w+ ] 



Lemma 2.3 We have 

r) 3 (W tQ ) = 2CS(V W+ ) . 
Proof. Define U := diag(<5 + , 1). Then 

B t :=UA t U* = d + B + r*K , Jj, B := ( B ^ ° 

is a rescaled superconnection on the trivial bundle W~ © W~ isomorphic to A t . Using 
the notation 

j? - ( R+ M r - f B+ 
^ — ^ o o ; ' v ~ B+ 

we get 

52 = dB + B 2 + *3{5, Ji } + t£T 2 = i? + PC + t . 

Furthermore 

d t B t = \k . 
2U 



We now calculate the 3-form component: 



[d t B t e~% = ^1 K (%{RC + CR)-%C* 
2t2 \ 2 6 



We get 
Using 
we get 



( R+B+ \_ t ±Li^( - B ' 3 
4 V ~B + R + J 12 V B 3 
e _t / \ _ te^ ( B+ 3 

-B+R+ ) 12 V -B+ 3 



tr[d t B t e- B '] 3 = —trR+B + - —trB +3 
2 6 



00 fOC 

e~ f dt = 1 , / te~ l dt = 1 
Jo 



V 3 (W tQ ) = 77^ f Jtri2+S+ - ^tr£ +3 ) = 2CS(V W 



(2ttz) 2 V2 6 



□ 



We now consider a second spin trivialisation Q' of the spin bundle V. An element x G 
# 3 (M; R) is called even, if it belongs to 2im(# 3 (M; Z) -> # 3 (M; R)). 



S 



Lemma 2.4 The difference ?7 3 (Wt g ) — ffiy^t Q i) is closed and represents an even class in 
H 3 (M; E). 

Proof. The difference is closed by (Q). That it represents an even class relies on the fact 
that we consider pairs of spin trivialisations as opposed to just trivialisations. In order to 
see this we invoke some index theory. Alternatively one could use Lemma |2.3| and show 
the corresponding property for the Chern-Simons form, a fact which is surely known to 
specialists, but for which we do not know a good reference. 

We form a geometric family X over M. The underlying fibre bundle of X is p : [0, l]xM-> 
M with the standard metric p TVp and horizontal distribution T h p = TM C T([0, 1] x M). 
The trivial bundle T v p has an induced spin structure. Note that <9(XC3>p*W) = W©W op . 
The tamings W t °^ and Wt , induce a boundary taming (X <g> W)^. Since X is an one- 
dimensional boundary tamed geometric family its index index((X Cg> W)^) is an element 
of K~ l (M). We let ch ocM : K~\M) -> H odd (M; Q) be the odd Chern character. By the 
index theorem for boundary tamed families [|Bun09| , Thm. 2.2.18] we have the following 
equality in de Rham cohomology: 

chf*(index((X® W) w )) = [fi 3 (X ® W) + rf{W tQl ) - v\Wt Q )] ■ 

We now observe that 

Q 3 {J ® W) = f p*ch 2 (V w ) = . 

J [Q,l]x M/M 

It remains to show that chg dd (index(X ® W)^) is even. 

We first consider the special case where Vs P i n (n) = Spin(n) x IR n is the trivial bundle 
over Spin(n) with the trivial metric, connection and spin structure Spin(Vspi n (n)) — 
Spin{n) x Spin{n). For Qs P in(n) we take the canonical trivialisation, and for Q' Spin ^ we 
take the universal trivialisation Q's P i n (n){h, g) = (h, hg). This defines by the construction 
above a boundary tamed geometric family (Ispin(n) ® ^Spin(n))bt over Spin(n). We first 
claim that ch3 dd (index(X S 'pj n ( n ) ® W spi n (n))bt) G H 3 (Spin(n);M) is even. In order to see 
this we show that (Ispin(n) ® Wspin^jn is a pull-back of a boundary tamed family via 
the two- fold covering s : Spin(n) — > SO(n). Indeed, we can consider the trivial bundle 
V S o(n) -> S'O(n) and W SO (n) : = Kso(n) © Kso(n)- We set 



{Qim 0' 
teo(") := I n + n (n) I e End(H/ SO (n)J 

where Qso(ri)(g, x ) — {g^g x )i (g, x ) £ SO(n) x IR n = Vso(n)- As above this gives a 
boundary tamed geometric family (Xso{n) ® ^so{n))u, and we have 

Note that in general chg (x) G -£T 3 (X;E) is integral for every x G K~ 1 (X). Therefore 
chf d (index((X 5 o(„)®W 5 o(n))w)) is integral. Since s* : H 3 (SO(n); E) -> H 3 (Spin(n); E) 
maps integral to even elements, we conclude that 

chg ^ index ((J Spin ( n ) ® W Spin ( n) ) w )) = s*ch 3 ,cM (index(Xs 0(n) ® W SO (n))w) 



9 



is even. 

We now come back our original case. The transition Q'oQ~ l : MxSpin(n) — > MxSpin(n) 
determines a map T : M — > Spin(n) such that Q' o Q _1 (m, g) = (m, T(g)m). We observe 
that T*(T S pin(n) ® W Sp in(n))bt differs, up to isomorphism induced by Q, from (X <g> W)&< 
only by the choice of the connection on the twisting bundle. But the index as a homotopy 
invariant is independent of the connection so that 

ch^(index((J ® W) w )) = T*chf*(index((J Spm(n) ® W 5pin(r0 ) w )) 

is an even class. □ 



2.2 The Cheeger- Simons character y(V) 

A generalised cohomology theory has differential extensions. We refer to ||BS09|| for a 
description of the axioms of a differential extension of a generalised cohomology theory 
and to [|HS05|| for a general construction. The differential extension of complex i^-theory 
already appeared in the introduction to the present paper. But in detail we will only need 
the differential extension of integral cohomology (HZ ,R,I,a), where 

R:HZ(M)^VL*(M), HZ '(M) HZ* (M) , a : fi* _1 (M) -»• HZ(M) 



denote the structure maps. By | SS08|| or [ BS09|| the differential extension of integral 



cohomology is unique and multiplicative. 

k 

In the original model of [ |L-S85| ] the fc'th differential integral cohomology group HZ (M) is 
the group of differential characters of degree k. Let Zk_i(M) denote the group of smooth 
k — 1-dimensional cycles in M. A differential character of degree k is a homomorphism 
: Zk-\(M) — > U(l) such that there exists a smooth form R((f)) G Q k (M) so that 
0(<9c) = exp (2iri J c i?(0)) for all smooth chains c G Cfc(M). It suffices to verify this 
condition for smooth simplices. 

A real spin vector bundle V — > M has a characteristic class G H 4 (M;Z). For a 

geometric spin bundle V this characteristic class has a differential refinement y(V) G 
4 

HZ (M) first defined using Chern-Weil theory in ||CS85|| . We now describe this class 



as a differential character ^(V) : Z^(M) — > U(l). If z G Zz(M) } then we can choose a 
neighbourhood £/ of the trace \z\ of z which is homotopy equivalent to a three-dimensional 
CH^-complex. Furthermore, since BSpin(n) is 3-connected, we can choose a trivialisation 
Q of the spin bundle Vy. 



Definition 2.5 VFe define 



|(V)(z):=exp| 
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We must show that this does not depend on the choice of the trivialisation. Indeed, if Q' 
is a second trivialisation, then by Lemma [2.4|. 



J z J z 



If c G C±(M) is a smooth 4-simplex, then still we can choose a trivialisation of Q of the 
spin bundle Vu on some neighbourhood U of \a\. In this case we get by Stoke's theorem 
and (i) 



Pi 
2 



(V)(<9c) = exp (^-m Jdrf(W tl ^j = exp (*i Jpi(^ 



Therefore 



fl(y(V)) = ^i(V^ 



as it should be. 



Lemma 2.6 TTie differential cohomology class defined by the differential character above 
coincides with the class y(V) defined in ffJS8dj . 

Proof. For the moment, let us denote the differential cohomology class corresponding 
to the differential character described above by 0(V). It is easy to see that 0(V) is 
natural with respect to base change along smooth maps M — > M' . Since BSpin(n) 
is 3-connected and H 4 (BSpin(n);Z*) is torsion-free there exists a smooth manifold M' 
with a real n-dimensional geometric spin bundle V and a map / : M — > M' such that 
V = /*V, this isomorphism is covered by an isomorphism Spin(V) = f*Spin(V), 
and such that H 3 (M'; M.) = and if 4 (M';Z) is torsion free. Under these conditions a 

-4 

class x G B~.1t (M') is completely determined by its curvature R(x) G f2 4 (M'). Since 
i2(0(V)) = lpi(V v ') = i?(f(V')) we have 0(V) = f (V). By naturality this implies 
0(V) = |(V). □ 



2.3 The construction of L 

Let 7r : E —> B be a bundle of compact oriented two-dimensional manifolds. In the present 
subsection we construct a geometric line bundle L = (L, /i L ,V L ) over 5 functorially 
associated to a geometric spin bundle V over E which is trivial as a spin bundle over the 
fibres of n. More precisely, by functoriality we mean that for a smooth map / : B' — > B 
and induced cartesian diagram 

E'-^E (6) 

tt' i" 
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we have an associated isomorphism <pf : /*L — > L/, where L' is the line bundle associated 
to F*V, and for a second smooth map g : B" — > 5' we have the associativity relation 

<J>g°g*<l)f = 0/og- 

We are going to describe the geometric bundle L by describing its local sections. We 
first describe a set-valued presheaf 7... : B D U \-> Iu on B such that Ijj is non-empty if 
[/ is contractible. The elements Q G Iq will index local sections sq G C°°(U,L). After 
all, the maps 7j/ 9 Q i— >• sq G C°°(U,L) for all £/ C 5 together combine to a map 
7... — > C°°(. . . , L) of presheaves from 7... to the sheaf of local sections of L, but this can 
be said only after we know what L is. 

In order to complete the definition of (L, h L ) we must provide the transition functions 

^ = c (Q',Q)6r([/,(/(i)) 

S Q 

for pairs Q, Q' G 7j/, see These functions must fit into a map of presehaves 7... x 7 — > 
C°°(. . . , t/(l)) and satisfy a cocycle relation. In order to construct the connection V L of 
L we will explicitly (see (0)) describe the connection one-forms 

luq :=V L log SQ := Sq 1 'V l Sq G fi 1 (f/) 

and verify their compatibility with the transition functions. 

We let 7{/ be the set trivialisationsons Q : Spin^Eu) — > Ejj x Spin(n), where E v = 
n~ l (U). Recall that that we assume that the spin structure Spin(V) — * E is trivial on 
the fibres of ir : E — > i?. Hence, if f/ C B is contractible, then 7[/ 7^ 0. 
The spin trivialisation Q G 7j/ of Ve v — > ^t/ induces a tamed geometric family Wt over 



Ejj as described in Subsection 2.1 



We define the connection one-form 

u Q :=-7ri[ rj 3 (W tQ )en l (U) . (7) 

JEu/U 

Since it is imaginary it defines a metric connection. 

It suffices to define the transition functions for contractible open subsets U C B provided 
that they are compatible with the restriction to contractible U' C U, see (j^j. 
Assume that U is contractible and consider Q, Q' G Iu- Since the fibres of ir : E —>■ B are 
two-dimensional, the manifold Etj is homotopy equivalent to an at most two-dimensional 
CW-complex. Since Spin(n) is two-connected, there exists a trivialisation H of Spin 
bundles pr*!/^ connecting Q with Q', where pr : [0, 1] x E v — > E v is the projection. 
We define 

c(Q',Q) := exp ( -m [ rj 3 ( P T*W tH )) G C°°(U,U(l)) . (8) 

V J[0,l]xEu/U J 

This is independent of the choice of H. Indeed, if H' is another choice, then we can 
concatenate these two choices in order to get a Spm-trivialisation G := H§H op '' of pr*^^, 
where pr is now the projection pr : S 1 x Etj — > Etj. We must show that 

/ ^(pr*W tG ) GC°°(C/,2Z) . 
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Let u E U, E u := ix x (u) be the fibre over u, and let q : S 1 x E u —> E be the restriction 
of pr. Since q factors over the two-dimensional manifold E u we conclude that = q* : 

-4 - — -4 

H7L (E) — > i/Z (S 1 x £? w ). By the construction of the differential character ^(V) in 



Subsection 2.2 we have 



f (?*V) = a(-^ 3 (g*W, G )) = g*a(-^ 3 (W tG )) = , 
• — -4 

where a : fr(. ..) — > HZ (...) denotes one of the structure maps of the differential 

- -4 

extension HI . This implies that 



( [ V 3 (pr*W tG )) (u) E 2Z . 

\Js 1 xE u /U J 



f S 1 xE u /U 

It immediately follows from the construction that 

c(Q',Q)\u> = c{Q' lu „Q\ U >) (9) 
for a contractible open subset U' C £7. 

We now check the cocycle condition. Let Q" E Iu be a third trivialisation. Then we can 
concatenate the path H with a path H' from Q' to Q" to a path G := H'%H from Q to 
Q". The cocycle condition now follows from 

/ rf{ V T*W tH ) + / 7/ 3 (pr*VM = f V 3 (pr*W tG ) . 

./[0 1 l]x.Ec//C 7[0,l]xE(7/J7 J[0,l]xBc//C/ 

Finally we check the compatibility with the connection one-forms. We must show, that 

ujq, -uq = c(Q', Q)~ 1 dc{Q', Q) . 
Indeed, by Stoke's theorem it follows immediately from the definition (|j) and 



/ 



drf{ V T*W tH )= I pr> 1 (V y )=0 

J\0,l]xE„/U 



'[0,l]xEu/U J[0,l]xEu/U 

that 

c{Q',Qr l dc{Q',Q) = -m ( f rf{W tQl ) - [ rf{W tQ \ 

KJEu/U JEjj/U 

This finishes the construction of the bundle L. 

Given a cartesian diagram (0) and an open subset U C B, by pulling back trivialisations 
we get a map F* : Iu — >• If-i(u)- The bundle map 0/ : /*L — > V is characterised 
by the property that for Q E Iu it maps the section f*s Q E C°°(/ _1 (C/), f*L) to the 
section sp*Q E C°°(/~ 1 (?7), L'). One easily checks, using the functoriality of 77-forms, 
that this defines an isomorphism of geometric line bundles which behaves as required 
under compositions. 
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If 7r : E — > B is a proper submersion with an orientation of the vertical bundle T v tt, then 
there is an integration map 



C - -* - -*-dim(.E)+dim(B) 

/ : HZ (E) -> HZ {B) . 

J E/B 



It has a very convenient description in the model introduced in ||BKS09|| , see also the 
literature cited therein. In the present paper we will only need the existence of the 
integration map, its compatibility with cartesian diagrams of the form (§) in the sense 
that 



F*x = f* x 

E'/B' JE/B 

for x E HZ (E), and the property, that for a E fi* -1 ^) we have 



a(a) — a( / a) . 

E/B J E/B 

We now come back to our surface bundle n : E — > B. We calculate the first differential 

2 

Chern class ci(L) E HZ (B) of the geometric line bundle L. This task is equivalent to 
the calculation of the holonomy of L since the corresponding differential character t\ (L) : 
Zi(B) — > U(l) associates to the smooth cycle z E Zi(B) the holonomy hol(L)(z) E U(l) 
of L along z. 



Lemma 2.7 We have 



fc(L) = f f (V) . 
Je/b 1 



Proof. Let z E Zi(B) be a smooth one-cycle. Then we can find a neighbourhood U 
of its trace \z\ which is homotopy equivalent to a one-dimensional CW-complex. Since 
BSpin(n) is 3-connected and Ey := 7r _1 (?7) is homotopy equivalent to a three-dimensional 
CW-complex there exists an element Q Ely. But then 

^(V)^=a(-^ 3 (W, Q )). 



Hence 



so that 



2 v " u v 2 



^(V),^ = a(-~ / r) 3 (W tQ )) 

Eu/U * * JEu/U 



Pl "(V) ) (*)=(/ ^(V), Ec7 ) (z) = exp ( -7TZ / / ^(W* 



Eu/U 2 / KJeu/U 2 JzJEu/U 



Q ' 



The spin trivialisation Cj of gives rise to the section sq and the corresponding con- 
nection one- form ujq defined by (0). We have 



hol(L)(z) = exp( / ujq) = exp I -ni / / 
J z V J z Je 
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Hence 

c 1 (L)(z)=hol(L)(z)= Qf /[7 |( V )) 



□ 



3 The Pfaffian 

3.1 PfafRan and determinant line bundles for families of Dirac 
operators 

In this subsection we recall the construction of the Pfaffian line bundle of a family of Dirac 
operator with a real structure. Let £ be an even geometric family over a base B such 
that the underlying Clifford bundle has an odd anti-linear, anti-self adjoint automorphism 
J. In particular, J is parallel and commutes with the Clifford multiplication. In this 
situation we define a geometric line bundle Pfaff (£, J) over B. It is functorial and comes 
with a canonical isomorphism 

k : Pfaff (5, J) 2 A det^)- 1 , (10) 

where det(£) is the determinant line bundle of £, see e.g. [|BCV92| , Ch 9 and 10] and 
the recapitulation below. In order to construct Pfaff (5, J) we will first construct the 
underlying complex line bundle together with the isomorphism fllCf). We then define the 
geometry on Pfaff (£, J) in the unique way such that fllPp becomes an isomorphism of 
geometric bundles. 

First we recall the construction ||Fre03fl , |[Bor92|| , |[FM06|| . The geometric family £ gives 



rise to a family of Dirac operators D(£) which acts on the bundle of Z/2Z-graded Hilbert 
spaces H(£). We consider the families of anti-linear and anti-selfadjoint operators : = 
(JD(^)) ± which act on the subbundles H{8) ± . The compositions A ± := D Z¥ (£)D(£) ± 
are non-negative and selfadjoint. For A £ [0, oo) we consider the open subset 

U x := {u £ B | A 2 £ a(A + (u)) U <7(A - (u))} C B , 

where a(A ± (u)) denotes the spectrum of the operator A ± (n) over the point u £ B. By 
-Ea±[0, A] we denote spectral projection of A 1 * 1 onto the interval [0, A]. This family of 
projections is smooth over U\. Its image := E&± [0, A]iJ(£) ± is a finite-dimensional 
smooth complex vector bundle. 

For an n-dimensional complex vector bundle W — > X we let det{W) — > X denote the 
maximal non-trivial alternating power det(H^) := A n W. 
On U\ we define the line bundle 

Pfaff (£,J)x := det(H+) . 
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If n > A, then over U\ PI we have an orthogonal decomposition = © H\,u °f 
smooth bundles of Hilbert spaces, where Hf = E A +(X, ji]H{£) + . On U\ PI £7^ we get an 
isomorphism 

Pfaff (£, J) [j, = Pf aff (£, J) A <g> det(^+ M ) . 
Note that -D^ A is an anti-linear anti-symmetric isomorphism of -ff^. Therefore the form 

dxj ): (^...,..)e(A%r 

is nowhere vanishing. Hence we get a nowhere vanishing section 

Pfaff (L>+ J := d;^ 1 G C°°(£/ A n det(if+J) . 
We define an isomorphism 

c A>A1 : Pfaff (f, J) A ^ Pfaff (f, J)„ , c A)M (s) := s ® Pfaff (D^) . 
For v > n > A these isomorphisms satisfy the cocycle condition 

C^v ° C AijU = C A)I/ . 

We glue the collection of line bundles (Pfaff (5, J) A — > £/ A ) A>0 using the cocycle (c A)M ) AjA1 > 
in order to get the underlying complex line bundle of Pfaff (£, J). For the construction 
of the metric and the connection we invoke a canonical isomorphism 

K : Pfaff (5, J) 2 A det(^)" 1 . 

To this end we recall the very similar construction of the determinant line bundle det(£). 
Over U\ we define the line bundle 

det(£) A := det(H+ )" 1 ® det(fT^) . 

For fi > A on U\ H ?7 M we have isomorphisms 

det(£) M = det(£) A ® det^^)" 1 ® det(^) . 

The operator 

is an isomorphism and therefore gives a nowhere vanishing section 

det(D+(£) lHt J e C°°(U X n 17 M , det(^)" 1 ® det(^)) . 
We define the cocycle 

f\,fj, : det(S) x -> det(£) M , / A( „(s) := s ® det(£> + (£ ),^) . 
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The underlying complex vector bundle of det(£) is obtained by glueing the family of 
bundles (det(£) A -> U x ) x > using the cocycle {fx,^)x !fl >o- 

We now define the isomorphism k : Pfaff(£, J) 2 — > det(£) -1 by defining a collection 
(^a)a>o of isomorphisms 

det(i/ A + ) ® det(tf+) det(tf+j ® det^)- 1 



Pf aff (S, J)\ i det(£) A 

Indeed, the part J + of the anti-linear isomorphism J induces an isomorphism : — > 
, and therefore an isomorphism 

det(J+) : det(H+) -> detfTJ-)" 1 . 

We set 

k a := 1 <g> det(J+) . 

It is easy to check that the collection (k a ) a >o is compatible with the cocycles and therefore 
defines an isomorphism k as required. As explained above the geometry of Pf aff (S , J), 
i.e. the metric and the connection, is now defined in the unique way such that k becomes 
an isomorphism of geometric line bundles. This finishes the description of the Pfaffian 
bundle Pfaff (£, J) clS 8b geometric line bundle^. 

The family of Dirac operators D(S) is invertible on Uq. Moreover, since Hq = we have 
a canonical isomorphism 

det(iZ^) = U xC 

and therefore isomorphisms 

Pf aff (5, J) = U x C , det(5) = U x C . 

We let 

slil e C°°(Uo, Pf aff (5, J)) , s can E C°°(U , det(S)) 
denote the corresponding sections. Then 

K { S can ® S can) ~ S can ' 

By ||BGV92| , Ch 9], 

|| Scan || 2 = det(A+) , || S V2||2 = ^(AT)- 1 . 
We let s° can and Sca-I 2 denote the normalised sections 

1/2 

S can 1/2,0 . Scan 

^can • 7T~ |T > '''can ■ ~ 1/2 n ' 
ll 6 can|| Scan 



We again remind the reader that our definition is the inverse of the Pfaffian in | FreQg ] 
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The connection one-form of det(£) is determined by 



V det ^\ogs° can = 2mr ] 1 (£ Uo ,) , 

where £u ,t is the canonical taming of £u (by the zero perturbation). Therefore the 
connection one-form for the Pfaffian bundle is given by 

v pfaff(w) io gs r = -w(M. (12) 

Finally we calculate the curvature (see [ |BGV92| , Thm 10.35], |[Fre03| , Thm 3.1]): 



R(det(S)) = 2mVt\£) , R(Vf aff (£, J)) = -mVt\£) . (13) 
3.2 Theory for generalised Dirac operators 

The Dirac operator D(£) of a geometric family is compatible, i.e. associated to a bundle of 
Clifford modules. This fact is important if one wants to use the standard local index theory 
calculations ||BGV92|| which e.g. give (fL2|). On the other hand, the construction of the 



Pfaffian and determinant line bundle works equally well for generalised Dirac operators, 
i.e. zero-order perturbations of compatible Dirac operators. In the present paper we will 
consider generalised Dirac operators which arise as follows. Recall that we consider a 
two-dimensional geometric family £ with underlying surface bundle 7r : E — > B whose 
Dirac bundle is the spinor bundle S(T v tt), and a real geometric vector bundle V over 
E. Our final goal is study the Pfaffian of the family of Dirac operators associated to the 
geometric family £®W, where W := W + ©W _ with W + := V£*DrC and W~ is a trivial 
bundle of dimension dim^ V. The odd ant i- involution J is induced by the quaternionic 
structure of S(T v 7r) and the real structure of W. 

If Q G End(iy) is an odd, selfadjoint endomorphism which commutes with the real struc- 
ture of W, then we can form the family of generalised Dirac operator 

D(£ <g> W, Q) := D{£ <g> W) + 1 ® Q . 

Its Pfaffian and determinant line bundles will be denoted by 

Pf af f (£ <g) W, Q, J) , det(£ ® W, Q) . 

Let us now discuss the contribution of the additional term 1 <g) Q to the local index 
calculation. For simplicity we just write Q instead of 1 <g> Q. Let A t := A t {£ <g> W) be 
the rescaled super connection of the geometric family £ (g> W. With the additional term 
we must consider the super connection Aq t := A t + t^Q. Note that (see ||BGV92| , Prop. 
10.15]) 

Aqj = £{D{£ ® W) + Q) + V H{ ^ - \c{T) , (14) 

At 2 

where T is the curvature tensor associated to the horizontal distribution T h n, and V fl ' £8W ' 
is an unitary connection on the Hilbert bundle H {£ CS> W). 
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We now calculate the square 

A\ t = A 2 t +t([D(£®W),Q}+Q 2 )+t 1 2[\7 H ( £ ® w \Q] . (15) 

Note that for two odd endomorphisms X, Y we have by definition [X, Y] := XY + YX. 
The mixed term with Q and the curvature T disappears because of [c(T), Q] — since the 
Clifford multiplication anti-commutes with Q. We now calculate the commutator terms 
using a vertical orthonormal frame (e^) as well as a horizontal frame (f a ) and its dual 
(f a ). Note that 

vH ^ w) ^r(V% TV ^ W + 1 -k(f a )), 

a 

where k is the mean curvature of the fibre in the direction f a . Then we have 
[D(£®W),Q] = EKe^Vff^^Q] = ^c(e,)V^Q 

i i 

and 

a a 

The mean curvature drops out since [k(f a ), Q] = and [f a , Q] — 0. We now perform the 
Getzler rescaling as in |PGV92| , Ch 10]. We only study the terms involving Q. We have 

lim S u (tQ 2 ) = (16) 

u — >0 

lim6 u (t([D(S®W),Q}) = 

]im6 u ^[V H ^ w \Q]) = y2f a Vf a Q=:V h Q . 
u— >o z — » 1 

a 

In particular the limit lim^o 3u(Aq t ) exists. Therefore the t — > 0-asymptotic of Tr exp(A^ ^ 
is still regular. But we may get a contribution to the local index form 



Q(£ W, Q) := ip lim Tr exp(-A| 



2 



where <p scales 2/c-forms by ^ 2 J^ fc ■ In formula ||BGV92| , 10.28] one has to replace the 

twisting curvature F = R yW by i^+V^Q. Note that V W Q <E tt 1 (End(W) odd ) commutes 
with multiplication by two-forms, but not necessarily with i? v . We get 







/ dets 




IE/B ' 


,sinh( I 



trexp (-i? vW ' - V h Q) 



We calculate the 4-form component of the integrand. Note that dimjy = dimjy 4 " — 
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dirnW = 0. 







det^ | 




ysinh(^J^) J 



tr exp I —R 



trexp (-R^ W - V h Q 



= hr^y - \tr{R^ {V h Qf) + ^V\QY 
where we use that tr(V h QR^ 'V h Q) = tx(R yW (V h Q) 2 ). Note that 



n 2 (£® w) 



2ni 



-tr(R^ W y 



E/B 



and the form trV ?i (<5) 4 has no vertical component so that 

Q\£® W,Q) = Q 2 (£® W) - — / tr(R vW (V h Q) 



E/B 



This gives the curvature of the Pfaffian and determinant line bundle of the family of 
generalised Dirac operators 



— :JS(Pf af f (£ ® W, Q, J)) 
Am 

-^R(det(£ <g>W,Q)) 

27TZ 



-itf(^W) + ^ 



tr(i? v (V ft Q) 2 ) (17) 



4-ni 



n 2 (£®W)-— / tr(i? v (V h Q) 



3.3 Construction of local sections of the Pfaffian 

If U C 5 is open such that restriction of V to E\j is trivial as a spin bundle as in Section 
D we let Ijj denote the set of trivialisations. For every Q G ly we are going to construct a 
section d,Q G C°°(U, Pf aff (£<8>W, J)). Let pr : Ex [/ — > [/ be the projection and consider 
the family pr*(£ ® W) over Ex U. Its underlying bundle is K x -»lxU, and we 
consider the projection Pr : 1 x Ey — > Ey of total spaces. We define the odd selfadjoint 
endomorphism Q G End(Pr*H / E [7 ) so that it equals aQ on the slice {a} x Ejj C R x 
We calculate the Laplacian A((a,w)) by extracting the zero-form part of flT5|) over the 
base point (a, u) G R x U at time £ = 1. We get 



A((a, u)) = D(£ <g> W) 2 + acCV^Q) + a 2 Q 2 

Note that Q 2 = 1 is positive. For large a the term a 2 Q 2 dominates ac(V w Q). More 
precisely, if we assume that U has a compact closure in B, then there exists ao > such 
that for ao < a the operator A((a, it)) is positive, and hence invertible. Therefore we have 
the section 

s l Jl e C°°([ao,oo) x U, Pf af f (pr* {£ ® W) , Q, Pr* J)) . 



20 



The norm of sJan is given by (|TT|), and we consider the unit-norm section slin° 
Scan II ~ l Scan- We have a canonical identification 



Pf af f (pr*(£ <g> W), Q, Pr*J) {0}xU = Pfaff (S <g> W, J) y . 
For 6 > ao we define the unit-norm section 

d(6) er(Rx E/, Pf af f (pr*(£ <g> W), Q, Pr*J)) 

such that d(b)(a,u) is the parallel transport of sHm°{b,u) along the path [0, 1] i— >■ ((1 — 
t)b + ta, u). We define d Q (b) G C°°(U, Pf af f (£ ® W, J)) by evaluation of d(6) at u = 0, 
i.e. d g (6)(u) := d(6)(0,u) 
We now consider the ?7 1 -form 

7] 1 := ^(pr*^ ® W) t .) G ^([a , oo) x [/) . 

Recall from QTJ) that 

- vr^ 1 = V Pfa " (PT*(f®W),Q,Pr- J) log s l/2,0 (lg) 

We write 

r/ 1 = a 2 (da6> + A) , 
where 9 G C°°([ao,cx)) x U) and A G C°°([a , oo) x U,pr*T*B). 
Proposition 3.1 For a — > oo inere are asymptotic expansions 

n>0 n>0 

where Q{ G C°°{U), A, G fi 1 (f/). Moreover, 9 and 6L 3 are constant. 

Proof. The second assertion will be shown as a consequence of the first in the proof 
of Proposition |3.2|. The existence of the asymptotic expansion will be shown later in 



Subsection R75L We define 



dqib) := d Q (b) exp (iir(^b% + \b 2 6^ + b6„ 2 + log(&)0_ 3 )) 
Proposition 3.2 The limit 

d Q := lim d Q {b) 

b— >oo 

exists in the C\ oc -sense. The connection one-form of the limit is given by 

V Pfaff(^W,7) lQgdQ = _ m I 

JEu/U 



21 



Proof. Note that by ([T^) for V > b we have 
dq{V) _ d(b') mxU 



exp I —m I rj 1 



d Q (b) d(b)\{ b } xU \ J[b,b f ]xu/u 

If we insert the asymptotic expansion of r] 1 we get 

/ V 1 = ~^—0 + — =— 0-i + (&' - &)0-a + (log(fc') - log(6))^_ 3 + 0(6 / - 1 , 6" 1 ) . 

J[b,b']xU/U 1 

It follows that 

exp(iO(6'- 1 ,6- 1 )) . 



dg(6) 

This implies the existence of lim^oo c?q(6) 
Now we considei 
by ( [T7| ) we have 

R = --pr*Q(£ ® W) + — / tr(pr*i? vW '(V /i g) 

2 87TZ Jro.llxSrr/fO.llxl/ 



Now we consider the connection one-forms. Let R := J_^ Pfaff (P r *(^® w )'Q' Pr * J ). Note that 

2m 



Since Q contains the variable a linearly we see that 

-2R = ada A pr*S + a 2 pr*T + pr*ft(£ <g> W) 
for some S 1 G and T G Q 2 (U). On [ao, oo) x U we have the identity 

dr/ 1 = -2i2 . 

If we assume that rj 1 has an asymptotic expansion as stated in Proposition |3.1| , then we 
get 

- a 2 ~ n daAd6_ n +Y^ a 2_n rfA_ n +^(2-r2)a 1 - n rfaAA_„ = adaApx* S+a 2 pr*T+pr*fi(£®W) 

n>0 n>0 n>0 

This gives the following identities for the terms in the asymptotic expansion of r\ . 

a 2 : d\ = pr*T, d9 = 

a 1 : d\^ = 0, -cZ0_i + 2A = pr*S 

a : rfA_ 2 = pr*fi(£ ® W), -dfl_ 2 + A_i = 
a" 1 : dA_. = 0, -d0_ 3 = . 
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In particular we obtain the second assertion of Proposition O. Let 

u,(&) : = V Pfaff (P r *(^ w )'Q' Pr * J ) l og d(6) 

be the connection one- form of the section d(b). Since the section d(b) is parallel in the 
a-direction we get for a vector field X e X(U) that 

= /? Pfaff(pr*( W ,Q,Pr*J) ((9a;X)rf(6) 

= -7ria£(X)d(&) 

and therefore 

d a uj(b)(X) = -maS(X) . 
Let ujq(b) := V plaff ' £ ® w,J ' log dq(b). Then we get by integration from to b 

"(b) {b}xU (X) = -^S(X)+u Q (b)(X) . 

Note that 

u(b) {b}xU (X) = -W {b}xU (X) = -mb 2 X(b)(X) . 
The connection one-form £>q(&) of c?q(&) is given by 

u Q (b) = u Q (b) + in \h?ffl Q + ^dfl-i + bd6_ 2 + Iog6d0_ 3 ^ 

= u Q {b) + z7r Q^^-i + bdB-A 

711 I 1 

= -mb 2 X(b) + —b 2 S + zvr -b 2 d9^ + 6d0. 



— 7T?A_ 2 + • 



Therefore 



lim u)q{P) = — ixi\^2 ■ 

b— >oo 



It remains to calculate A_2- To this end we consider a function x £ C°°(0, 00) such 
that x{t) = for t < 1 and = 1 for t > 2. Let (2, a, u) G [0, 1] x R x U and 
pr : [0, 1] X 1 X [/ -> [/ be the projection. Then fr*E v = [0, l]xRx E v . We let 
Pr : [0, 1] x 1 x Eu — > -Be/ be the projection. On H(jpr*(£ <g> W)) we consider the family 
of rescaled super connections A t which is given by 

it := pr*A t (£ (8) W) + t^a(x + (1 - x)x{t^ a))fr* Q . (19) 
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The local index theory and the proof of Proposition given in Subsection |3.5| still applies 
to this more general super connection. The additional term involving the cut-off function 
X vanishes in the Getzler rescaling ([16]) and does not contribute to the curvature. We 
want to show that A_2 is independent of x. Note that as a — > oo we have an asymptotic 
expansion 

fj 1 := r) x {A t ) ~ a 2 a n (da A 6_ n + dx A k_ n + A_ n ) , 

n>0 

where the terms may depend on x. We have 

dfj 1 = (ax 2 da + a 2 xdx) A pr*5 + aVp~r*T + p~r*0(£ ® W) . 
From this we deduce (note that the term k_2 does not contribute) that 

d x \-2 = . 

The restriction of A t to the slice {x = 0} is the super connection of a tamed geometric 
family, and the parameter enters as appropriate for adiabatic limits, see |BS07| , 2.2.5]. We 

get 

A_ 2 = A„2|{i}xc/ = A_2|{o}xc/ = hm ^j/(o a )} x{7 = / ^ 3 (>V tQ ) . 

□ 



We now consider a second trivialisation Q' e I{U) and define the section dq> by Proposi- 
tion |3.2| . We assume that U is contractible. Then we can choose a homotopy H from Q 
to Q'- It induces a taming of the family pr*(£ ® W), where pr : [0, 1] x U — > U is the 
projection. It furthermore induces a taming Px*Wt H , where Pr : [0, 1] x Ey — > Ejj is the 
induced projection. 



exp (-7TZ / V 3 (Pr*W tH ) ) 

V J\0,l]xEu/U J 



Lemma 3.3 We have 

d Q V J[0,l]xEu/U 

Proof. Indeed we can define the section d H e C°°([0, 1] x U, Pf aff (pr*(£ <g> W), Pr* J)) 
by Proposition 3^2. It restricts to g?q and dQi at {0} x U and {1} x U . Of course, 

Pfaff (pr*(£ ® W),Pr*J) = pr*Pf af f (£ <g> W, J) . 

Therefore 



^ = exp f / yPfaff (pr*(^W),Pr* J) bg ^ 

«Q \7[o,l]xC//C/ / 

But again by Proposition |3.2| we have 

v Pfaf f (pr*(£W),Pr*J) {Qg ^ = _^ f 7? 3 (Pr*>V t J . 

J[0,l]xEu/[0,l]xU 

This gives the result. □ 
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3.4 Proof of Theorem [T7T| 

Recall the construction of the geometric line bundle L in Section [|. 

Theorem 3.4 There exists a canonical functorial isomorphism of geometric line bundles 

L ^ Pfaff(£<g> W, J) . 

It is characterised by the property that for every open U C B and Q G l\j it maps the 
section s Q G C°°(U,L) to the section d Q G C°°{U, Pf af f (£ <g> W, J)). 

Proof. By inspection one checks that the cocycles and the connection one-forms for the 
collections of local sections (sq)u,Q£I u and (d(p)c/,Qe/ !7 coincide. Note that all construc- 
tions are natural with respect to pull-back along smooth maps B' — » B. □ 



3.5 Asymptotic expansion of 77-forms in the adiabatic limit 

In this technical subsection we prove the asymptotic expansions of the r^-form stated in 
Proposition 3A and used in the more general case in the course of the proof of Proposition 
\>>.2\ In general the z^-form for a rescaled super connection A t is given by 

v 1 :=7)\A t ) = — / Tr d t A t e~ A t . (20) 

In our situation we consider (fl9|), i.e. 

A t := pr*A t (£ <8> W) + i3a(sc + (1 - s)x(^a))P~r*Q . 
We simplify the notation. We write 

i t := A t + /(**a)Q , 

where A t is a Bismut super connection associated to a family of Dirac operators D over 
a base KxB with coordinates (a,b). We let H := V^Q be the horizontal derivative in 
the .B-direction of Q, where Q is an odd involution, and / G C°°([0, 00) x B) is such that 
f(t, b) = t for t > 1. Then we have for the one-form component 



[Trd t A t e-% 



We further calculate 



Tr — r (£) + a y'^| a )Q) e -(t 3 ^+/(^a)Q) 2 -^/(^a)H-t2/'( i ^a)Q a !a 
2t2 



-Tr(D + af'(t*a)Q)e 



f(t*a)H + f'(t*a)Qda\ 



(t*D + f{t*a)Q) 2 = tD 2 + t*f(t*a)E + /(t^a) 
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where E := c(V v Q) is the Clifford multiplication by the vertical derivative of Q. 

3 3 111 

We now introduce the variable s = a?t. Then we have dt = a~^ds, t?a = a*sz, and 

i POO - 2 311111 

(f(ahs^)H + f'(a*s^)Qda)j a~%ds . 

Note that for s > 1 and a > 1 we have f(a^s^) = a^st and f'(a^s^) = 1. In this region 
the integrand simplifies to 

e - a *"Tr {(Z> + aQ)e~ saA{D2+aE \a^s^H + Qda)} a"§ . 

Lemma 3.5 Locally uniformly in B there exists constants C < oo and c > independent 
of a such that 

...dsl < Ce~ ca ^ . 



Proof. We will show that there exists C < oo and MeN such that for all s > 1 and 
a > 1 

|Tr j(Z) + aQ)e- sa ^( D2+a ^(a3^i7 + Qda)} | < Ca M s M . 

i 

The growth of the right-hand side in this estimate can be absorbed in the prefactor e~ a7s . 
The assertion of the Lemma then follows by elementary calculus. 

This estimate of the trace is obtained by a combination of spectral and trace class esti- 
mates. The inclusion of Sobolev spaces H k — > H° is of trace class if k is larger then the 
dimension of the underlying space which is two in our case. We further use ellipticity of 
D which implies that the graph norm associated to D k is equivalent to the fc'th Sobolev 
norm. We write A := D + aE. It suffices to show that for every N G N there exist 
constants c > and C < oo and integers M G N 

|| jD 2iV e - S a-i^|| < Cs M a M _ (21) 

3 

We use u := sa~z and write 

The first summand can be written as 

u- N {u^A) 2N e-^ A ? . 

We now use that 



^A) 2N e-^ A ^\\<C 
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This follows by the spectral mapping principle from the bound 



2N — t 2 

sup x e < oo 



xG[0,oo] 

If we combine these estimates we get 



\\A 2N e- uA2 \\ <u N C . 

Note that the difference (D 2N - A 2N ) can be written as Y^i=o aki Ei, where E{ are dif- 
ferential operators of order %. We can therefore use induction by N in order to deal with 
the second term in ( p2|) and to get an estimate of the form 

\\D 2N e' uA2 1| <Cu M a M 

for some M G N. We now insert u = sa~i and get (|2T|). □ 



Lemma 3.6 Locally uniformly in B we have an asymptotic expansion 



[ ...ds\~a 2 Y,a n V- n ■ 



n>0 

Proof. We must control the integral kernel of the smoothing operator 

e -t(D 2 +t-if(t?a)E) 

in the region < t < a~i . For fixed T we construct a formal solution of the heat equation 

(d t — (D 2 + TE))H t — . 

by the iterative procedure of the proof of [ |BGV92| , Thm 2.26] and keep control of the 
dependence on T. We get 



H(t, x, y) = q t (x, y) ^ t%(x, y) 



n>0 



where qt is a Gauss kernel and the coefficients <&i(x,y) implicitly also depend on T. The 
coefficients <$>i(x,y) are given by an iterative formula stated in | BGV92| , Thm 2.26]. By 
inspection we see that it is a polynomial in T of degree at most i. If we write 



N 



(d t - (D 2 + TE))H t = q t (x, y) ]T t%(x, y) + t^Vf (x, y) , 



n=0 



then the remainder term is bounded in C'-norm by t 1 . Moreover, it is a polynomial in T 
of degree at most N + 1. Note that the t-power is explained by iV — 1 = N — dini ^/- B ) _ \y e 
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now construct the heat kernel e t ( E>2 + TE ) using the Volterra series method as in [ BGV92 
Sec. 2.4]. Then we set T(t,a) := t~vf(t*a). We observe that for N > f 



sup t N T M (t,a)<Ca~^ +M . (23) 

te 

We split 



Using that rf is a polynomial in T of degree N + 1 we apply (|23| ) to the second factor 
and see that for N > 3 the remainder term estimate in ||BGV92| , Thm. 2.20 (3)] is for 

t e (o,a-f) 

where C(Z) does not depend on a furthermore. This leads to an estimate 

,| r fe+l|| < Qk+l k (3-f) t {k+l)(^-l)t_ 
II t IK - fc j 

in ||BGV92| , Lemma 2.21]. Finally, in ||BGV92| , Theorem 2.23 (2)] we get for all integers 
l,n, that for sufficiently large N depending on n,l the approximate kernel 



k?(x, y) := g t {x, y) t%(x, y) 



n=0 



differs from the true kernel in C'-norm by Ca" n uniformly in t and a. 

In order to get the asymptotic expansion of the ?7 1 -form we can therefore replace the true 

heat kernel by its approximation. We must derive an asymptotic expansion of 



-i/M< D+ ^ si ^-^~ /( * W)a 

(f(a^s^)H + f'(a^s^)Qda) \ a~^ds 



i 

"4^ lr { (D + a f'( U )Q) k a-^ fiU)2 



(f(u)H + f'(u)Qda)} aT 2 1udu 
(f(u)H + f(u)Qda) } cT 2 1udu , 



where in the last step we use that because of the factor e ^ u > the integral f a i . . .du does 
not contribute to the asymptotic expansion. Also note that T(t, a) = au~ l f{u). Therefore 
the integrand obviously has an expansion in terms of powers of a with integrable func- 
tions of uf]. So the integral gives an expansion in powers of a. It remains to determine 

5 We a priori know that all terms arc integrable at u = 0. 
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the leading order. It is a multiple of a 2 . □ 



4 String structures 

4.1 Geometric and multiplicative gerbes 

In this subsection we recall some aspects of the theory of [/(l)-banded gerbes in manifolds 
with an emphasis on geometric structures. Furthermore, we review multiplicative gerbes 
on Lie groups in some detail. 

We use the language of stacks and refer to ||Hei05|| for a very readable introduction to 



stacks in manifolds which suffices for the purpose of the present paper. This in particular 
applies to the notion of a gerbe with band in an abelian Lie group. 

In the following a gerbe is a ?7(l)-banded gerbe in manifolds. Gerbes over a given manifold 
M form a monoidal 2-category. Details of the construction of the tensor product can be 
found in [ |BSST08| , 6.1.9]. The tensor unit is the trivial gerbe M x BU(1) with the quotient 
stack BU{1) := \*/U{l)}. 

For every pair t l5 i 2 : H ~~ * W of 1-morphisms between gerbes there is an associated 
£/(l)-principal bundle which we denote by Since this bundle plays an important role 
in the description of geometric structures let us describe this bundle in greater detail by 
characterizing its sheaf of sections. By U(l) we denote the sheaf of {7(l)-valued smooth 
functions. For U C M and an object o G TC(U) in the groupoid T~C{U) we consider the 
set- valued presheaf 

U D V >->Hom(*i(o), t 2 (o))(V) :=Ecmn>(y){ti(o)\vMo)\v) 

on U. Since Tt' is a stack it is a sheaf, and since H! is a [/(l)-banded gerbe, it is in 
addition is a sheaf of W(l)-torsors. This sheaf is independent of the choice of o in the 
sense, that for any other choice d G H(U) and isomorphism G Eom n ^ (o, o') we have 
an isomorphism of sheaves Hom(ii(o), t 2 (o)) = Hom fti (o f ),h{o f )) which is independent of 
cf). By the axioms for a gerbe, we can cover M by open subsets [/CM for wich "H(U) 
has objects. Moreover, any two objects of 7~C{U) are locally isomorphic. We can therefore 
glue the sheaves Hom fti (o). h(o)) to a global sheaf on M which is the sheaf of sections of 
the L r (l)-principal bundle 

A 2-morphism t± =^ t% can be viewed as a trivialisation 1^ — > y-, where 1m '■— M x U(l) 

t'l 

is the trivial C/(l)-bundle. 

The isomorphism class of a gerbe H, in the 2-category of gerbes over M is classified by the 
Dixmier-Douady class DD{H) G H 3 (M; Z). We have DD(H®H') = DD(H) + DD{W). 
Furthermore, if 7i and H! are isomorphic, then the set of isomorphism classes in the 
category Hom(7Y, H') is a torsor over H 2 (M; Z). 

Next we discuss multiplicative gerbes on a Lie group G. The case of interest in the present 
paper is G = Spin(n). The notion of a multiplicative gerbe in a simplicial context has 
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been introduced in | CJM~ t "05|| . Here we prefer to work directly in the 2-catgory of Z7" (1)- 
banded gerbes on G. 

For k > I let pr^ , : G k — > G l denote the projection (gi,---,gk) l— > {gin ■ ■ ■ , <7iJ: an d 
for 1 < z < fc — 1 let m^i+i : G fc — > G fe ~ 1 denote the multiplication (<7i, . . . , <7fc) 
(gi, . . . , gigi+i, . . . , We use the notation ^ := pr*C? and m := mi 2 . 

Definition 4.1 ^4 multiplicative structure on a gerbe Q on G is given by a 1-morphism 

li:Gi®G2^ m*G (24) 
and an associativity 1-morphism satisfying a higher coherence condition. 
In the simplicial context the following Lemma has been shown in | |(JJ1V1"^U5| , Sec. 5]. 

Lemma 4.2 IfG is compact, connected and simply connected, then a gerbe Q onG admits 
a multiplicative structure which is unique up to isomorphism. 

Proof. We first observe, using the Kiinneth formula and H 2 (G; Z) = = H 1 (G; Z), that 
every class x G i/ 3 (G;Z) is primitive in the sense that it satisfies m*x = pr*x + prJjx. 
Therefore the Dixmier-Douday classes of the two sides in ( P^ ) coincide so that we can 
choose an isomorphism /i. Since H 2 (G 2 ;7j) = it is unique up to isomorphism. 
Next we must find an associativity 2-morphism. The associativity of the group multipli- 
cation can be written as m o win = mo m 2 3- We have two 1-morphisms 




m o m 12 )*Q 



(25) 



m o m 2 z)*G 



given by to : = A* ° A*i2 an d t\ := \i o ^ 23 , where fi\ 2 has a meaning analogous to wivi- 
Since H 2 (G 3 ; Z) = the f/(l)-bundle |^ is trivializable. We choose a trivialisation a. The 
associativity morphism a : to ti is a trivialization of this [/(l)-bundle which satisfies a 
higher coherence condition. We refrain from writing out this diagram but note that the 
deviation from a satisfying the higher coherence condition is a smooth group 4-cocycle 
Ca € Cg r (G,U(l)), where for an abelian Lie group A we write C l gr (G,A) := C°°(G\A). 
The differential of the complex C* r (G, A) is given for c G C l gr (G, A) by 



8c{g u . . .,g i+ i) := c(g 2 , . . . , ^ + i)+2^(-l)- J c(g-i, . . .,gjg j+ i, 

3=1 



The cohomology H* r (G; U(l)) of the complex (C* r (G, A), 5) is the smooth group coho- 
mology of G with coefficients in C/ (1) . We claim that H l (G; U(l)) = for % > 1. Since G 
is simply connected, the sequence of coefficients 



-> Z 



tf(l)-0 
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induces a long exact sequence in smooth group cohomology 



H l gr (G; E) -> tf^(G; C/(l)) -> tf^G; Z) -> /^(G; E) . 

Since G is compact its higher smooth group cohomology with coefficients the real vector 
space E vanishes by the usual averaging argument. Furthermore, since G is connected 
and Z is discrete, we have C* r (G, Z) = C* r ({l}; Z) so that #J r (G; Z) = H l gr ({l}; Z) = 
for % > 1. This implies the claim. 

From Hg r (G;U(l)) = we deduce that there is a function d : G 3 — > £7(1) such that 
<M = Ca- If we set a := ad' 1 , then a satisfies the required higher coherence relation. This 
shows the existence of a multiplicative structure. 

We now discuss uniqueness. If we choose another multiplication // with associativity 
isomorphism a', then we get a £/(l)-bundle — over G 2 which is trivialisable. Let us fix 

a trivialization : 1 G 2 — > Then we can use this 2-isomorphism <$> : a =>- // in order 
to compare a with a', say to view a and a' as trivializations of the same bundle. Then 
a' = az for some cocycle z G G 3 r (G, £7(1)). Since H 3 r (G]U{l)) = we see that z = <fo 
for a chain i; G G 2 r (G; C/(l)). If we modify by v, then we get a modified trivialization 
0'. If compared with <fi', then a and a' become equal. □ 



Below we will apply Lemma |4.2| to the group G = Spin(n) for n > 3 and the basic gerbe 



Q whose Dixmier-Douady class is a generator of H 3 (Spin(n); Z) = Z. 
Geometric structures on [/(l)-banded gerbes have been popularised in [ HitOl ], | Bry93 
and are usually described in particular models, e.g. of a bundle gerbe. In the following 
we give a model-independent account. By Om '■= M x BU(1) we denote the trivial gerbe 
on M. 

Definition 4.3 A connection u on a gerbe 7i over a manifold M associates to every local 
trivialisation t : Ojj Tiu, U C M, a 2-form u t . This association must be compatible 
with restriction to subsets. Furthermore, to a pair (to,t\) of local trivialisations of the 



'i 



gerbe 7i the connection uj associates a connection VV" on the associated U(l) -bundle |^ 
such that 

R =oj tl - uj to . 
This association is again compatible with restriction to open subsets. 

The form dujt G Q 3 (U) is independent of t and therefore the restriction of a closed global 
three-form R w G f2 3 (M), the curvature of the connection u. The cohomology class of 
is the image of the Dixmier-Douady class DD(TC) in de Rham cohomology. 
If a G f2 2 (M), then we can define a new connection uo + a such that (a; + a)t — ui t + a 

and V^ +a = V^'". We have R" +a = R" + da. 

Next we discuss the notion of a connection on a morphism between geometric gerbes. Such 
a notion has first been introduced in a slightly different way in ||Wal07|| . Let / : Ti — > TC' 
be a morphism between gerbes with connections u and uj' . 
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Definition 4.4 A connection Uf on the morphism f associates a connection V7°*' w/ on 
the U(l)-bundle for each pair of local trivialisations t : Ou — > T~tu and t' : Ojj — > Ti'u 
such that for every other pair t, t' of local trivializations we have 

/ o t r / o t t 

as U(l)-bundles with connection. This association must be compatible with restriction to 
open subsets. 

By the relation (p6|) there is a unique form R u f £ f2 2 (M) such that 

for all pairs of objects t £ TC(U) and £' £ TC'(U). This form is called the curvature of the 
connection. 

Note that connections always exist. The curvature satisfies 

dR u, f = R u>' _ ft* _ ( 27 ) 

Two gerbes (7i,u), TC',ou') with connection are isomorphic, if there exists a morphism 
/ : Ti — > W which admits connection ujf with the following two properties 



1. ujf is flat, and 



fot 



2. for each t it associates to the pair (t, fot) a trivial bundle with connection (j^, V^ ot ' W/ ). 

Note that by Q2lj| ) this condition fixes the connection Uf uniquely. In | |Wal07| , Def. 4.2.3] 
such a connection is called compatible. 

If /eh fi '■ 7~L ~^ W are two 1-morphisms with connections ujf and u^, then the bundle 
has an induced connection V^>' Ufl ' Ufo with curvature R^^ — R u h. This shows that 

JO 

the curvature of a connection on a morphism between two gerbes with connections is 
determined up to exact forms by ( p7|) . There is an obvious definition of the composition 
of morphisms with connection. 

Isomorphism classes of gerbes with connection [H, ui] are classified by the differential 
cohomology classes DD[H,u] £ H1?{M\ see [ |Hit01| |, [Bry93|. In terms of the structure 
maps R, I, a of differential cohomology we have 

R(DD[H,w]) = R" , I(DD[H,w]) = DD(H) , DD\H, u] + a(a) = DD\H, u + a] , 



Following ||Wala| , Def. 1.3] we make the following definition: 

Definition 4.5 A geometric multiplicative gerbe on a Lie group G is a multiplicative 
gerbe (Q, fi, a) together with a connection ujg on Q and a connection uj^ on fi such that 
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1. The curvature p of satisfies 

pr* 3 p + m* 23 p = pr* 2 p + m* 12 p , (28) 

2. (p, Ufj) induces an isomorphism of gerbes with connection 

(G, uq)i <g> (G, u g ) 2 -> (m*G, m*ug + p) , (29) 

and 

3. the associativity 2-morphism a preserves the connections. 

Let G be a compact, connected, and simply connected Lie group. For x G H 3 (G; Z) there 
exists a unique bi- invariant form u x G Q 3 (G) which represents the image of x in de Rham 

.3 

cohomology. Since H 2 (G;M>/Z) = and H 3 (G;Z) is torsion-free a class x G HZ (G) is 
completely determined by the invariant R(x) G Q 3 (G). Therefore a gerbe G on G with 
x = DD(G) has a unique connection ujg with curvature = uo x . The following Lemma 
has been shown in [ Wala| , Sec. 1]. It extends Lemma O to the geometric context. 



Lemma 4.6 Let G be a gerbe on a compact, connected, and simply connected Lie group 
with connection ujg with bi-invariant curvature. This structure can be extended in a unique 
(up to isomorphism) way to a structure of a geometric multiplicative gerbe. 



Proof. We will need some of the details of the proof later in the proofs of Lemmas |4.10| 



and [4.13| . We must add a connection on the multiplication map (|4.2j ) which turns G into a 
geometric multiplicative gerbe. For simplicity, we assume that G is simple. Then we have 
an explicit formula for u x in terms of the Maurer-Cartan form 9 := g~ x dg G Q l (G, Lie(G)). 
We have 

<** = -^(0, [0,0]) , 
bc G 

where k x G Z depends on x = DD(G), (., .) is the Killing form, and cq G R is defined 
such that q^{0, [9, 9}) represents the image of the generator of H 3 (G; Z) = Z in de Rham 
cohomology. In this case one can choose |[Walb| , (1.7)] 



p:=^(pr^,pr^> , (30) 

where 9 := dgg~ l . By a calculation one checks that fl27|) holds true. 

In order to construct the connection on the morphism p we use the fact that a again class 

3 

y G HZ (G 2 ) is completely determined by its curvature R(y) G Q 3 (G 2 ). By a calculation 
we check that 

pr*^ + pr* 2 u x - m*uj x = dp . 

Therefore the two sides of the arrow (^9|) have the same curvature and hence are isomor- 
phic. Since the 1-morphism p is the unique one up to isomorphism we can find a unique 
connection such that (|29|) is an isomorphism of gerbes with connection. 
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The relation (J2^) implies that the bundle |^ is flat, where to, h are as in (p5|) . Since G 3 is 
simply-connected the bundle is trivial. If in the proof of Lemma |4~2] we take a trivialisation 
a which preserves the connection, then its deviation from satisfying the higher coherence 
relation is a constant group cocycle c a with values in 17(1), in other words a cocycle in 
Cg r (G, U(l) s ), where U{1) & has the discrete topology Since G is connected we have (as for 
the coefficients Z) for % > 1 that H^G; U(l) 5 ) = H l gr ({l}; U(l) 5 ) = 0. Therefore we can 
get an associativity morphism a := ad" 1 for a unique constant d G Cg r (G, U(l) s ) = U(l) 
such that Sd = c„. Note that a still preserves the connection. □ 



Let us apply this to the basic gerbe Q on Spin(n) which by Lemma |4~6| becomes a geometric 
multiplicative gerbe. Its bi-invariant curvature will be denoted by CS G Q 3 (Spin(n)). 

4.2 Geometric string structures 



First we recall the notion of a string structure according to [|Walbf| . We consider an n- 



dimensional spin vector bundle V — > M. Let p : P — > M be the corresponding Spin(n)- 
principal bundle (earlier we used the longer notation P = Spin{V)). Then we have a 
canonical isomorphism 

(id, g) :Px M P^Px Spin(n) (31) 

of 5'pin(n)-principal bundles whose inverse is given by (p, h) \— > (p,ph). 

Let Q be the basic multiplicative gerbe on Spin(n). We define the gerbe V := g*Q on 

P Xm P- The multiplicative structure of Q induces a 1-morphism 

V ■ Pl2 ® P 23 -> 7>13 (32) 

together with an associativity 2- morphism, where pr^- : P x« P Xm P — > P x a/ P are 
the projections and P^- := pr*jV. In detail, if we define := g o pr 4 -, then we have 
m ° (flla x 5(23) = 513 and P-y = so that P i3 = (g 12 x g 2 ?)*m*g and P i2 <8> P : 
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(#12 x ^23)* (^1 ® £2)- Therefore z/ is defined as the pull-back of p in ([24] ) via g 12 x g 2 3- 
According to [|Walb| , Sec. 2.1] we make the following definition: 



Definition 4.7 The gerbe V over P together with the multiplication l-morphisra 
and the associativity 1-morphism is called the Chern-Simons bundle 1-gerbe CS on M 
associated to the spin bundle V. 



By |[Walb , Thm 1.1.4] we can define a string structure as a trivialisation of the Chern- 



Simons bundle 2-gerbe. In detail, for i — 1, 2 let pr i : Px M P — > P denote the projections 
and set <Sj := pr*<S. 

Definition 4.8 A string structure on the spin bundle V is a gerbe S over P together with 
a 1-morphism 

f : V ® S 2 5i 

and an associativity 2-morphism (which essentially turns S into module overV) satisfying 
a higher coherence condition \Walb\ , Def. 2.2.1]. 
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We will usually denote a string structure by the same symbol as its underlying gerbe. 
By [|Walb| , Lemma 2.2.2] a string structure exists if and only if = 0. In this case 

the isomorphism classes of string structures form a torsor over if 3 (M;Z), see ||Walb|. 



Thm.1.1.2] where this result is attributed to [|Ste04| . We continue with recalling notions 
and results from |Walb|] . 

Definition 4.9 A connection h on the bundle 2-gerbe CS consists of 

1. a 3-form K h G Q 3 (P), 

2. a connection Uh on the gerbe V, 

3. a connection cr^ on the multiplication §32\ ) 
such that 

1. pr*/^ - pr*/^ = R">, 

2. (u, realizes an isomorphism of gerbes with connection, and 

3. the associativity morphism preserves connections. 

It follows that Tpr^dKh — "9 r 2^ K h- Therefore there exists a unique closed 4-form R h G 
f2 4 (M) such that p*R h = dnh- The cohomology class of R h is the image of y(V) in de 
Rham cohomology. 

Lemma 4.10 ( ||Wala|| ) Let V = (V, V y , h v ) be a geometric spin bundle. Then we have 
an associated connection hv on the Chern-Simons 2-gerbe CS ofV. 

Proof. In the following we describe the construction of hv which is due to ||Wala| , Sec. 
3]. We will need the details later in the proof of Lemma L13 . Recall that the basic gerbe 
Q on Spin(n) has a unique connection ujg with curvature 

R*> = CS= (9, [6,6]) G Q 3 {Spin{n)) . 

The gerbe V = g*Q has an induced connection u-p = g*ug with curvature g*CS. 
The bundle p*P = P x M P has a canonical trivialisation ([H]) which we denote by Q for 
the moment. It induces a taming {p*W)t Q as explained in Section We have seen in 
Lemma that CS(V P * V ) = ^ 3 (0*W) tQ ) G fi 3 (P) is the usual Chern-Simons form of 
V p * v (in the trivialisation given by Q). Let A G Q 1 (P, spin(n)) denote the connection 
one-form of V y . Then in the new notation 

CS(V?* V ) = ((dA,A) + \(A ,i[A,A]) 

and this fixes the sign of cs P i n (n)- Then we define 

u:= -(pr;A^6fl 2 (Px M P) . 

CSpin(n) 
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We have by a direct calculation (see ||Walb|, Sec. 3.1]) 



- pr* 2 CS(V p * v ) + pr*C£(V p * v ) = g*CS + duo . (33) 

We set := —CS(V P * V ) and uj hw := uj v + uj. Then condition [TJ holds true. Since the 
multiplication v in ([32|) is defined as the pull-back of the multiplicative structure p of 
Q we can define the connection Oh w on v by pulling back the connection u^. Since the 
associativity morphism for the Chern-Simons gerbe is also obtained by pulling back the 
associativity morphism of the multiplicative structure on Q our definition of ah v ensures 
that the associativity morphism of the Chern-Simons gerbe preserves connections, hence 
condition |^ holds true. Moreover it satisfies the part [| of condition Definition |4.9| .[2|. In 
order to verify condition |4l|.0 completely we must check that (i/, er^) is flat. With the 
curvature p of p given by (BO) this is the equality 



(512 x g 23 yp = pr* 12 u + pr* 23 u - pr 
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which again can be checked by a direct calculation (compare [|Wala| , (3.21)]) □ 



We now consider a Chern-Simons gerbe CS with a connection h. 

Definition 4.11 A geometric string structure is a triple str := (S,Us,Wf) of a string 
structure S with action f : V <8> S2 — > S\ together with a connection uig on S and a 
connection ujf on the morphism f such that 

1. (f,Uf) realizes an isomorphism of gerbes with connection, and 

2. the associativity 1-morphism preserves connections. 



It is shown in ||Walb|, Thm 1.3.4] that a string structure S can always be refined to a 
geometric string structure. 



Assume that we have chosen a geometric string structure str. It was shown in |Walb| , 
Thm 1.3.3] that there is a unique form H str G Q 3 (M) such that 

p*H str = + n h . (34) 

This form is closely related to the Cheeger-Simons cocycle y (V) : Z 3 (E) — ► U(l). Indeed, 
if z G Z 3 (E), then there exists a neighbourhood U C E of the trace \z\ of z such that 
that p j;{y)\u — 0. Therefore there exists a geometric string structure str on Pjj. Then 

^(V)(z) = exp(2m J^H str ) . 

This follows by combining (R) with equation (PB|) below (compare ||Walb|, Sec. 3.4]). 
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4.3 The string structure associated to a trivialisation 



In this subsection we show that a trivialisation Q of the geometric spin bundle V on M 
induces a geometric string structure strQ. In Lemma 4.13 we calculate the associated 
form H strQ e n 3 (M) (see (§§). 

Lemma 4.12 A trivialisation Q:P->Mx Spin(n) of Spin(n) -principal bundles gives 
rise to a string structure Sq. 

Proof. We first consider the trivial bundle lR n — > * with spin structure Spin(n) — > *. 
Its Chern-Simons gerbe is rh*G, where fh : Spin(n) x Spin(n) — > Spin(n) is given by 
rh(g, h) := g~ x h. The multiplicative gerbe Q on Spin{n) can be considered as a string 
structure. 

The trivialization Q of P gives a pull-back diagramm 

P *■ Spin(n) 

v 

M >►* 

of Spin (n)-principal bundles. The Chern-Simons bundle 2-gerbe of V as well as the string 
structure are now obtained by induced pull-backs. 

More explicitly, we have V = (qi x q2)*rn*Q and set Sq := q~ l *Q. The action map is then 
given by 

/ := (m X , (35) 

where we use the identity q^ 1 = m o (fh o (g x x g 2 ) x Q'^ 1 )- 1=1 



Let V be a geometric spin bundle and h-y be the associated connection on CS. In Lemma 
L12 we have seen that a trivialisation Q of P gives a string structure 5q = where 
g:P^Mx Spin(n) — > Spin(n). 

Lemma 4.13 A trivialisation Q gives a natural extension of Sq to a geometric string 
structure strQ. Moreover, we have 

H strQ = -\rf{W tQ ) . (36) 

Proof. Using the trivialization Q we identify (with G := Spin(n)) 

P = MxG, Px M P^MxGxG 

so that 

q(b, h) = h , pr 1 (6, h, I) = (6, h) , pr 2 (6, /i, /) = (6, /) , p(6, h, I) = m(h, I) = h~ x l . 
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We define the form 

a := — — (A,q*6) G fi 2 (P) . 

CSpin(n) 

We equip the gerbe Sq with the connection 

^s Q ■= q~ U ^g + a . 

Furthermore, the action ([35]) will be equipped with the connection cuj := (m x q^ 1 )*^^. 
This already ensures that the associativity morphism obtained by pull-back from the mul- 
tiplicative structure of Q respects the connection. Furthermore part @ of the compatibility 
of ujf is satisfied. It remains to show that (f,Uf) is flat, i.e. we must check the identity 
of 2- forms on P x A/ P: 

{fh x q^ 1 )* p — oj — «2 + a i = , 

where we use the notation a.{ = pr*<x This is a straightforward calculation. 
We now show (|36|). Note that we have R^ S Q = q*CS + da. Let sq : M — > P denote 
the section given by Q. Then the composition q o sq : M — >• Spin(n) is constant and 
hence s* Q q*CS = and s* Q a = — — (sqA, s* q*9) = 0. Moreover, the pull-back via 
sq of the canonical trivialisation of p*^ is exactly the trivialisation of V given by Q. 
Therefore s* Q (CS(W p * v )) = CS(\7 V ) = ^ 3 (W tQ ), the Chern-Simons form of the connec- 
tion V y in the trivialisation Q. Applying s* Q to p*H stTQ = q*CS - CS(V P * V ) we get 
H strQ = -|r/ 3 (W iQ ). □ 



4.4 Proof of Theorem 

Let it : E —>■ B be our surface bundle with the geometric spin bundle V on E. Let L be 
the geometric line bundle on B constructed in Subsection [2.3| . 

Theorem 4.14 A geometric string structure str = (S,uis,Uf) on V gives a functorial 
unit-norm section s str G C°°(B,L). It satisfies 

V L log s str = 2ni / H str . 

J E/B 

The meaning of the adjective functorial is here again the obvious compatibility of the 
construction with cartesian diagrams of the form (^|). 

Proof. If U C B is an contractible open subset and Q G Ijj is a trivialisation of > then 
by the construction of L we have a section sq g C°°(U, L). Using the string structure we 
will define a function czq G C°°(U, U(l)) such that Sq := oqSq is independent of the choice 
of Q. The collection {sq)u<zb,q&i u therefore defines a global section s str G C°°(B,L). In 
order to show the second part we calculate that 

V L log Sq = 2vri / H str . 

JEu/U 
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In order to define Oq we consider the projection Pr : [0, 1] x Ejj — > Ejj. There exists 
a unique string structure S on V?*V which restricts to Se v on {1} x Ejj, and to Sq 
on {0} x Ejj. In fact, since H 3 (Ejj;Z) = = H 3 ([0, 1] x Ejj;Z) there is only one 
upto isomorphism string structure on Ve v and Pt*Ve u , respectively. We first fix the 
isomorphisms above. Then we can choose a geometric string structure str = (S, 
which restricts to the given ones strq (defined in Lemma 4.13| ) and str\E v at the endpoints 



{0} x Ejj and {1} x Ejj. This follows from the fact that different geometric refinements 
of a string structure can be glued using a partition of unity (use ||Walb| , Prop. 3.3.4]). 
We define 



a Q := exp 2m / H^ r 

V J[0,l]xEu/U 

where H^- r is the 3-form associated to the string structurestr by (|3~4l). 
We first show that aq does not depend on the choices made in the construction, namely 
the isomorphisms of gerbes S^ x e v — Sq, S^iy X E v — ^e v , and of the geometry. From 
two such choices str, str' we can produce a geometric string structure str on 

P r* Eu V ^S'xEjj^ ([0, 1] x Eu) U ([0, 1] x E v )l ~ , 

where ~ identifies the endpoints, such that 



/ 



H STr ~ / = / H £r ■ 



'[0,l]xEu/U J[0,l]xEu/U JS 1 xE u /U 

Over each point u E U the right-hand side 



exp 2m / 

V JS 1 xE u /U 

is the evaluation y(pr|, V)(z w ) G U(l) of the Cheeger- Simons character of ^-(pr^V) 
on the cycle 

z u = (S 1 x E {u} ^D 2 xE)e Z 3 (D 2 x E) . 

Note that z u is the boundary of the 4-chain ((f) : D 2 x E{ u j — > E) G C±(D 2 x E), and 
therefore 

Pi 
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(pr^V) (z u ) = exp ( m [ 0> ( V 1 

\ JD*xE {u} 



1 . 



This implies 



H^ r - / H^eC°°(U,Z). 

[0,l]x Eu/U J [0,1] x Eu/U 



Next we calculate the quotient — G C°°(U, U(l)). We choose a homotopy i/ from Q to 
Q'. This homotopy gives a geometric string structure strjj on [0, 1] x Ejj which connects 
strQ and strq/. We consider the projection 

Pr Eu : [0, 1] x [0, l]xEu^ E v 
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On Pt e V we can find a geometric string structure str which restricts to str on {0} x 

[0, 1] x Ejj, to str' on {1} x [0, 1] x E v , to str H in [0, 1] x {0} x Ejj, and to pr E str Eu on 
[0, 1] x {1} x Exj. By Stoke's theorem 



/ Hx+f H~,+ [ 

J\0.1]xErr/U J\0.i\xEn/U J\0. 



H str f 



f [0,l]xEu/U J[0,l]xEu/U J[0,X]xEu/U 



2 
. 



[0,l]x[0,l]xEc//C7 

Pr EuPl (V v ) 

[0,l]x[0,l]xE v /U 



This implies that 



^ = exp (-2m [ H strH ) = exp (m [ V 3 (Pr*W tH )) = —3-— , 

a Q V J[0,l]xEu/U J \ J[0,l]xEu/U J c lV)Vj 

where c(Q' , Q) e C°°(U, U(l)) = ^ is as in (|). We thus get 

^=c(Q',Q)^ = l 

S Q a Q 

as required. We now calculate the covariant derivative of sq. We use (|7|) and Stoke's 
theorem 



V L log s Q = V L log s Q + 2-Kid / H t 

J[0,1]XE V /U 

m / r/ 3 (Wi Q ) + 2m / H str -2ni I H str 

J[0,l}xEu/U JEu/U JEu/U 

2-ni I H str 

'Eu/U 



□ 
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